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The numerical ratio effect (NRE) and the Weber fraction (w) are common metrics of the precision of the
approximate numbers sense (ANS), a cognitive mechanism suggested to play a role in the development of nu-
merical and arithmetic skills. The taskmost commonly used tomeasure the precision of the ANS is the numerical
comparison task. Multiple variants of this task have been employed yet it is currently unclear how these affect
metrics of ANS acuity, and how these relate to arithmetic achievement. The present study investigates the reli-
ability, validity and relationship to standardized measures of arithmetic fluency of the NRE and w elicited by
three variants of the nonsymbolic number comparison task. Results reveal that the strengths of the NRE and
w differ between task variants. Moreover, the reliability and validity of the reaction time NRE and the w were
generally significant across task variants, although reliability was stronger for w. None of the task variants
revealed a correlation between ANSmetrics and arithmetic fluency in adults. These results reveal important con-
sistencies across nonsymbolic number comparison tasks, indicating a shared cognitive foundation. However, the
relationship between ANS acuity and arithmetic performance remains unclear.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

The last twenty years have witnessed a rapid growth of interest in
how the human mind represents numbers and numerical information.
In particular,much attention has been paid to the concept of an ‘approx-
imate number sense’ (ANS). The ANS is a cognitive faculty that repre-
sents the cardinality of sets of objects in an approximate fashion
(Dehaene, 1997; Dehaene, Dehaene-Lambertz, & Cohen, 1998), and is
thought to be phylogenetically ancient, shared with human infants
and non-human primates (Brannon, 2006; Hubbard et al., 2008). The
concept of the ANS has been influential in the field of numerical cogni-
tion, and the principle way in which it has been measured is through
numerical comparison paradigms (Ansari, 2008; Dehaene & Akhavein,
1995; Halberda, Mazzocco, & Feigenson, 2008). In these tasks, partici-
pants are asked to compare the relative numerical magnitude of two
numerical stimuli (e.g. which is larger, 7 or 3?). These stimuli can be
either nonsymbolic (e.g. a set of dots or squares) or symbolic
(e.g. Arabic digits or written number words), and typically, the ANS is
thought to be most directly measured through nonsymbolic number
comparison, since comparing numerical magnitudes represented in a
symbolic format require the additional step of mapping between
tory, Department of Psychology,
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symbols and the magnitudes they represent. Previous studies have en-
deavored to link measures of ANS acuity to performance on standard-
ized measures of math achievement (e.g. Halberda et al., 2008;
Holloway & Ansari, 2009), yet the results across studies have been in-
consistent, and thus the present study investigates possible sources of
that inconsistency by contrasting the reliability, validity and relation-
ship to math achievement of two different ANS metrics calculated
from three variants of the nonsymbolic numerical magnitude compari-
son task.

The numerical comparison (both symbolic and nonsymbolic) pro-
duces a key metric of the ANS, the ‘numerical distance effect’ (NDE)
(Moyer & Landauer, 1967). The NDE refers to a monotonic increase
in both reaction time and error rates as the numerical distance be-
tween the two comparators decreases. Thus, individuals are typically
faster and more accurate when comparing the numerical magnitude
of 5 vs 9 than comparing 8 vs 9.

The NDE is a highly replicable effect, indexed by the difference in
reaction time and accuracy of responses to comparisons with relative-
ly small or large distances, or alternatively, by calculating the slope
that relates reaction time and accuracy to numerical distance
(Dehaene et al., 1998; Maloney, Risko, Preston, Ansari, & Fugelsang,
2010). This effect has been interpreted as a performance product of
the noise within the mental representation of numbers (Dehaene &
Cohen, 1995), or alternatively, of response resolution processes, com-
mon to comparing two stimuli of any type (Van Opstal, Gevers, De
Moor, & Verguts, 2008). Researchers have also applied the Weber–
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Fechner Law in order to calculate a metric of the noisiness of an indi-
vidual's ANS, the so called ‘internal Weber fraction’(w). Therefore,
individuals with less precise ANS representations should have a rela-
tively higher w (i.e. more noise within the representation) than indi-
viduals with more precise representations, and by extension, a higher
w should relate to poorer ability to discriminate relative numerical
magnitudes.

The performance detriments associated with decreasing numerical
distance between comparators can also be described in terms of the
ratio between the two numbers to be compared. The ‘numerical ratio
effect’ (NRE) refers to a monotonic increase in reaction time and error
rate as the ratio (smaller/larger) between the two numbers increases.
The NRE and the NDE are highly correlated, and so can be discussed
interchangeably when referring to the extant literature. For the sake
of clarity, from this point on we refer solely to the NRE.

Particularly in the case of nonsymbolic numerical comparison,
multiple variants of the task have been employed (e.g. overlapping
sets of dots, spatially separate sets of dots, one set of dots followed
by another) (Ansari, Lyons, van Eimeren, & Xu, 2007; Halberda et
al., 2008; Holloway & Ansari, 2009), and as discussed above, multiple
metrics have been calculated from the resulting data (e.g. numerical
distance effect, numerical ratio effect and W). Despite this wide vari-
ation in paradigm variants, relatively little attention has been paid to
the reliability and validity of the resulting dependent variables, and typ-
ically, the results of different studies are discussed without reference to
the subtle but potentially influential variations in task structure. In
other words, there is an assumption that different task variants are
all tapping into the same underlying system of representation. This as-
sumption needs to be empirically examined. Furthermore, to date there
has been no empirical investigation of within task differences between
different ANS metrics (e.g. numerical ratio effect and W) in terms of
their reliability and validity. Yet, while we know little about the rela-
tionship between the different ANS metrics produced by different task
paradigms, a growing number of studies are drawing links between
thesemetrics and higher level arithmetic abilities based on the hypoth-
esis that amore precise ANSwill facilitatemore successful acquisition of
arithmetic skills. In order to better understand the significance of rela-
tionships (or the lack thereof) between different measures of the ANS
and mathematical achievement, it is therefore necessary to better
understand the reliability and validity of these different dependent
measures of number comparison.

Individual variation in performance on standardized tests of arith-
metic has been found to correlate with individualWs during a nonsym-
bolic numerical magnitude comparison task (Halberda et al., 2008;
Libertus, Feigenson, & Halberda, 2011; Mazzocco, Feigenson, &
Halberda, 2011a, 2011b) and theNRE during symbolic number compar-
ison (Holloway & Ansari, 2009), suggesting that the ANS plays a role in
the development of arithmetic skill. Furthermore, children with devel-
opmental dyscalculia (DD), a specific arithmetic learning disorder,
have been found to show atypical Ws and NRE's relative to typically
developing peers (Mazzocco et al., 2011a, 2011b; Mussolin, Mejias, &
Noel, 2010; Price, Holloway, Räsänen, Vesterinen, & Ansari, 2007).
However, some inconsistency exists in the current empirical literature
on this issue. For example, while Halberda et al. (2008) reported a rela-
tionship between ANS acuity (w), measured through a nonsymbolic
number comparison task, and arithmetic performance, Holloway and
Ansari (2009) and Mundy and Gilmore (2009) both reported no such
correlation between theNDEduringnonsymbolic comparison and stan-
dardized math achievement scores.

The source of the apparent contradiction between those studies is
unclear, but one possibility is that the different variants of the nonsym-
bolic comparison used in those studies (e.g. Halberda et al. (2008)
employed an overlapping design, in which sets of yellow and blue
dots were intermixed in a single display, while Holloway and Ansari
(2009), as well as Mundy and Gilmore (2009), employed a paired
presentation design, in which two distinct sets of squares were
simultaneously presented) differ in their internal reliability, and thus,
result in significantly different levels of individual variation in the
NRE. Another alternative is that differences in the precision with
which the W and the NRE respectively reflect the acuity of the ANS
result in different results when relating those metrics to standardized
arithmetic performance. The reliability and validity of variants of the
numerical comparison paradigm and the ANS metrics they yield are
two issues that have only recently started to receive attention, but are
of great importance if we are to meaningfully compare the results of
different studies and evaluate their potential as correlates of individual
differences in higher-level numerical and arithmetic skills.

Recently, Maloney et al. (2010) investigated the internal reliability
and convergent validity of symbolic and nonsymbolic numerical com-
parison tasks using two variants of each task. The results indicated
that while comparison of two simultaneously presented symbolic
and nonsymbolic stimuli showed significant reliability in both reac-
tion time and error, comparing single stimuli to the reference number
5 did not. Convergent validity between symbolic and nonsymbolic
tasks was not significant, irrespective of the variant. Convergent va-
lidity was significant between the two nonsymbolic but not the sym-
bolic tasks. That lack of validity between conditions is supported by a
more recent investigation (Gilmore, Attridge, & Inglis, 2011) report-
ing that while participants' performance on the nonsymbolic and
symbolic tasks showed significant internal reliability, measures of
convergent validity between the tasks were mostly non-significant.
In a similar study, Sasanguie, Defever, Van den Bussche, and
Reynvoet (2010) investigated the reliability of the NRE with and be-
tween three non-symbolic numerical processing tasks. Results from
that study revealed significant internal reliability for the comparison
and same–different tasks, but not for the priming comparison task.
Furthermore, the NREs in the comparison and same–different tasks
were significantly correlated, but neither correlated with the NRE in
the priming comparison task. The authors suggest, therefore, that
the comparison and same–different tasks are trustworthy tasks for
the measurement of the NRE, whereas the use of the priming compar-
ison task requires caution.

It is apparent from the literature reviewed above that data on the
relationship between ANS acuity and arithmetic performance are in-
consistent, and only a handful of studies have investigated a potential
source of that inconsistency, the reliability and validity of ANSmetrics
resulting from different numerical comparison task paradigms. If the
ANS is to form a cornerstone of cognitive theories of number proces-
sing, it is essential to characterize the reliability and validity of nu-
merical comparison and the NRE. This is true for both practical and
theoretical reasons. At a practical level, the NRE is rapidly becoming
a popular and widely used measure of individual differences in ANS
acuity, yet several variants of the task exist, and there is currently
no basis to assume that each variant taps into the ANS in the same
way and to the same degree.

From a theoretical standpoint, it is important to consider that al-
though the NRE is a highly replicable effect, that replicability does not
necessarily imply that in all cases the NRE reflects a direct measure of
the acuity of the ANS, free from the influence of additional cognitive
demands which may vary between task variants. In order to interpret
the NRE in a theoretically meaningful way, we need to understand
how its strength, reliability, validity, and relationship to formal mea-
sures of arithmetic vary between different variants of the numerical
comparison paradigm. The current study addresses these issues by con-
trasting the relative strength of the NREs derived from three nonsym-
bolic number comparison task variants. The NRE is a direct measure of
an individual's performance on a numerical comparison task, whereas
the W is an estimation of the noise in the representation that drives
that performance and can be used to predict participants' relative
magnitude comparison performance for any given ratio. So, while theo-
retically, Ws and NREs should be determined by the same cognitive
structures, they are, in essence, fundamentally different measures of
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the ANS. Therefore, in the present study we calculated individualWs as
well as NREs, to be able to compare our results directly with previous
studies which have used NREs and Ws separately.

For both the NRE and w measures, we computed internal reliabil-
ity, convergent validity, and importantly, the extent to which these
metrics of the ANS correlate with standardized measures of math flu-
ency in adults. These comparisons allow us to test the hypothesis that
the apparently contradictory results of previous studies using differ-
ent variants of the nonsymbolic comparison paradigm discussed are
driven by variations in the task design and/or the metrics used to
index ANS precision.
Fig. 2. Sequential presentation condition trial schematic.
2. Methods

2.1. Participants

The present sample comprised 39 undergraduate students en-
rolled at The University of Western Ontario, Canada. Participants
were recruited through upper year undergraduate courses or through
the first year psychology resource pool via signup sheets and internet
forms. All participants completed all experimental conditions and
provided informed consent that was approved by the Psychology Re-
search Ethics Board at the University of Western Ontario. Three par-
ticipants were excluded from analysis due to accuracy rates below
70%. This threshold was set to ensure that participants were focused
on the task, but more importantly, to allow a reasonable estimation
of the Ws for each participant. Consequently, 36 participants consti-
tuted the final sample (15 males, 21 females, Mean age 22.29 yrs,
Std Dev, 4.49 yrs).
2.2. Materials and procedure

The experiment comprised three variations of nonsymbolic nu-
merical magnitude comparison tasks, paired, sequential, and inter-
mixed. The conditions are described below.
2.2.1. Paired presentation
In the paired presentation condition, illustrated in Fig. 1, two dot

arrays were presented simultaneously, one to the left of the screen
and one to the right. In half of the trials, blue was the correct answer
and in half, yellow was the correct answer. Color and response side
were fully counterbalanced. Trials consisted of 750 ms stimulus pre-
sentation followed by 500 ms presentation of a visual mask, followed
by 750 ms presentation of a fixation cross. Participants were required
to select via button press whether the set on the right or the left con-
tained more dots. The number of dots in each of the arrays ranged
from 6 to 40.
Fig. 1. Paired presentation condition trial schematic.
2.2.2. Sequential presentation
In the sequential presentation condition, illustrated in Fig. 2, dot

arrays were presented in isolation, one after the other. Trials con-
sisted of the first dot array presented for 750 ms followed by the sec-
ond dot array presented for 750 ms followed by 500 ms presentation
of a visual mask, followed by 750 ms presentation of a fixation cross.
Participants were required to select via button press whether the blue
or yellow array contained more dots. The number of dots in each of
the arrays ranged from 6 to 40.
2.2.3. Intermixed presentation
In the intermixed presentation condition, illustrated in Fig. 3, blue

and yellow dot arrays were presented as a single large array in the
center of the screen. The blue dots and yellow dots were arranged
in a non-overlapping (i.e. each dot was spatially distinct from each
other dot) random distribution. Trials consisted of 750 ms stimulus
presentation followed by 500 ms presentation of a visual mask, fol-
lowed by 750 ms presentation of a fixation cross. Participants were
required to indicate via button press whether there were more blue
or more yellow dots within the array. The number of blue and yellow
dots in the array ranged from 6 to 40.

For all conditions, color and response side were fully counterba-
lanced. The fixation cross was added at the end of the trial simply as
a function of the e-prime coding structure. Subjectively, participants
saw a long initial fixation, followed by a trial, followed by fixation, fol-
lowed by a trial, and so on. Thus from their perspective each trial was
bounded on either side by fixation.

Stimuli were created using custom scripts using the Python pro-
gramming language. Stimulus presentation and collection of participant
Fig. 3. Intermixed presentation condition trial schematic.

image of Fig.�2
image of Fig.�3


Fig. 4. Mean reaction time slopes for each presentation condition.
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responsewas also done using custom scripts using the Python program-
ming language (Straw, 2008).

To ensure that total area or the total perimeter of dots was not
predictive of numerosity, we matched half of the dot arrays for total
area and half of the dot arrays for total perimeter. In other words,
50% of trials had equivalent area while 50% had equivalent perimeter.
When perimeter was matched, the array with more dots occupied
more cumulative surface area. When cumulative surface area was
matched, the array with more dots occupied a greater perimeter.
These area-matched and perimeter-matched trials were randomly
presented in each presentation condition, in an effort to prevent the
participant from developing a strategy that relied on the relative
size of the dot arrays. The average size of the dot arrays was 12.5 cm

Trials were classified according to ratio based on the ratio of the
larger set to the smaller set. The six ratios used were 0.25, 0.33,
0.50, 0.66, 0.75, and 0.90. In this method, a smaller ratio generally
equates to a larger absolute numerical distance, so that 0.25 was the
easiest ratio condition, progressing through to 0.90 which was the
hardest. Each presentation condition included exactly the same distri-
bution of trials, so that the number of trials per ratio, per condition
was identical. There were 40 trials per ratio for each condition result-
ing in a total of 240 trials per presentation condition and 720 trials in
total. Additionally, there was a break between every 60 trials to pro-
duce 4 blocks for each presentation type.

The visual mask was a large square that contained a blend of green
and red (see Figs. 1–3). Masking was carried out to effectively eradi-
cate after images of the blue and yellow dot patterns so that re-
sponses could not be made on the basis of after images in the case
of the sequential condition, nor interfere with subsequent trials in
the paired and intermixed conditions. Responses were accepted dur-
ing the stimulus, mask and fixation presentation, but any responses
made after the fixation were coded as incorrect. In addition, during
the sequential condition, any responses made prior to the appearance
of the second dot array were coded as incorrect. Participants
responded to trials by pressing the left and right control keys on the
laptop used for presentation. In the paired condition the left key
was pressed if the left array was larger, and the right key if the right
array was larger. In the sequential and intermixed conditions the
left key was pressed if the yellow array contained more dots, and
the right key was pressed if the blue array contained more dots.
Color was counterbalanced across response keys.
3. Results: numerical ratio effect

For all analyses, the NRE was calculated by computing the unstan-
dardized coefficient beta of a linear regression analysis for each indi-
vidual subject. This slope value was then used as the dependent
variable to quantify the NRE for both reaction time and accuracy ana-
lyses. One sample t-tests conducted for reaction time and accuracy
slopes for each presentation condition revealed a significant slope in
all cases. In other words, the NRE was significant for both accuracy
and reaction time for each presentation condition.
Table 1
mean reaction time and accuracy values, slopes andWeber fractions for each presenta-
tion condition.

Intermixed Paired Sequential

Mean SD Mean SD Mean SD

Reaction time 961.16 284.92 1024.71 226.87 976.49 296.52
Accuracy 0.82 0.05 0.89 0.22 0.89 0.04
Reaction time slope 188.05 121.28 314.72 164.92 256.2 144.95
Accuracy slope −0.50 0.10 −.055 0.09 −0.43 0.11
Weber fraction 0.38 0.13 0.22 0.04 0.21 0.06
Table 1 shows mean values for reaction time and accuracy, mean
slopes for reaction time and accuracy, and mean ‘w’ for each presen-
tation condition.

3.1. Presentation condition and the numerical ratio effect

3.1.1. Reaction time
To investigate the relative strength of the numerical ratio effect

(NRE) in reaction time between presentation conditions, we carried
out a one-way analysis of variance (ANOVA), contrasting the strength
of the reaction time slope between conditions (mean reaction times
slopes are presented in Fig. 4).

This analysis revealed a significant main effect of presentation for-
mat (F(2, 105)=6.9, pb .01) on the strength of the reaction time
slope. Posthoc Tukey's HSD tests revealed the strongest RT slope in
the paired presentation condition, which was significantly stronger
than the intermixed condition RT slope (Mean Difference=126.67,
Std Error=34.13, p=.001), but not significantly different from the
sequential condition RT slope (Mean Difference=58.52, Std
Error=34.13, p=.21). The intermixed and sequential conditions
did not differ significantly from one another in the strength of their
RT slopes (Mean Difference=68.14, Std Error=34.13, p=.12).

3.1.2. Accuracy
The slopes of response accuracy, presented in Fig. 5, were clearly

not linear, and thus using linear regression to analyze these data
was not appropriate. Therefore we did not conduct equivalent ana-
lyses on the accuracy data to those conducted on the reaction time
data. Accuracy analyses are instead carried out using the calculation
of w, as reported below.

3.2. Reliability and validity analyses

To examine the reliability of the NRE, the slope from the first half
(first 120 trials) of the trials for each condition was correlated with
the slope from the second half of the trials (second 120).
Fig. 5. Mean accuracy slopes for each presentation condition.
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Table 2
Correlation values for reaction time NREs (slopes) andmath fluency stan-
dard scores.

Reaction time (millseconds)

Intermixed r(34)=−.03, n.s.
Paired r(34)=.01, n.s.
Sequential r(34)=.01, n.s.
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3.2.1. Reliability
For the reaction time NRE, significant reliability was revealed for

the intermixed (r (34)= .57, pb .001), paired (r (34)= .78, pb .001)
and sequential (r (38)= .65, pb .001) presentation conditions.

3.2.2. Validity
To calculate convergent validity, reaction time and accuracy slopes

were calculated from all trials for each presentation condition (i.e.
without separating it by halves). These slopes were then correlated
between presentation formats to calculate the validity between pre-
sentation formats.

The results of these analyses reveal that for the reaction time NRE,
only the intermixed and paired conditions showed significant validity
(r(34)= .52, p=.001). Intermixed and sequential conditions showed
a marginally significant correlation (r (34)= .32, p=.055). The
paired and sequential conditions revealed a nonsignificant trend to-
wards a correlation (r (34)= .29, p=.09).

3.3. The NRE and arithmetic fluency

To investigate any differences between presentation conditions in
the relationship between the NRE and standardized measures of
arithmetic, we correlated individual reaction time slopes from each
presentation condition with standard scores on theWoodcock Johnson
Math Fluency subtest (Woodcock, McGrew, &Mather, 2001). Themean
standard score for the current sample was 105.42 (standard deviation
16.1, range 64–140).

The results of these analyses, summarized in Table 2, revealed no
association between the NRE for reaction time and math fluency
scores, in any of the presentation conditions.

4. Results: Weber fraction

To calculate an internal ‘w’ for each participant, we sought to obtain
a value for w such that for each numerosity pairing (given by n1 and
n2), the expected error rate produced by the formula below was as
close as possible to the error rate observed in the data. In other words,
we fit the model below (Fig. 6) to the data, using w as the free term.

This fitting employs the following strategy (for each participant
and/or condition of interest).

1. Obtain the n1/n2 pairings and the error rates for each.
2. For each possible value of w (we use values of w between 0 and 1

in steps of 0.01), calculate the predicted error rate using the above
equation.

3. For each predicted error rate (for all the n1/n2 pairings), compare
that to the error rate observed in the data. For one value of w, we
will have an observed and expected error rate for each n1/n2
pairing.
Fig. 6. Model for calculating Weber fraction.
4. Calculate the fitness of the model (for each w) by calculating the
sum of squared differences between the observed and expected
differences.

5. Select the w with the best fitness (i.e., lowest sum of squared
difference).
4.1. Effect of presentation condition

To investigate the relative strength of the ‘w’ between presenta-
tion conditions, we carried out a one-way analysis of variance
(ANOVA), comparing mean w between conditions.

This analysis revealed a significant main effect of presentation
condition (F(2, 105)=45.63, pb .001). Posthoc Tukey's HSD Tests
revealed that the intermixed condition yielded a significantly higher
mean w than the paired (Mean Difference=.164, Std Error=.02,
pb .001) and sequential (Mean Difference=.173, Std Error=.02,
pb .001) conditions. The paired and sequential conditions, on the
other hand, did not differ from one another (Mean Difference=.01,
Std Error=.02, n.s.).

4.2. Reliability and validity analyses

To examine the reliability of the ‘w’, the w from the first half (first
120) of the trials for each condition was correlated with the w from
the second half of the trials (second 120).

4.2.1. Reliability
The results of this analysis revealed significant reliability for the

intermixed (r (34)= .78, pb .001), paired (r (34)= .47, pb .005) and
sequential (r (34)= .44, pb .01) presentation conditions.

4.2.2. Validity
To calculate convergent validity of the ‘w’ between conditions,

w scores for each condition were correlated with each other.
The results of these analyses, reveal significant validity between

the intermixed and paired conditions (r (34)= .39, pb .05), the inter-
mixed and sequential conditions (r (34)= .68, pb .001), and between
the paired and sequential conditions (r (34)= .50, pb .01). In other
words, the w scores for each condition correlated significantly with
the w scores for each other condition.

4.3. The Weber fraction and arithmetic fluency

To investigate any differences between presentation conditions in
the relationship between the ‘w’ and standardized measures of arith-
metic, we correlated individual w values from each presentation con-
dition with standard scores on the Woodcock Johnson Math Fluency
subtest (Woodcock et al., 2001).

The results of these analyses, revealed no association between the
W and math fluency scores, in the intermixed (r(34)=−.24, n.s.),
sequential (r(34)=−.1, n.s.) or paired (r(34)=−.28) presentation
conditions.

4.4. Correlation between reaction time NRE and w

To further characterize the relationship between the NRE calculated
from reaction time slopes and individual w's, calculated from response
accuracy, we correlated NRE and w for each condition. This analysis
revealed a significant correlation between NRE and w in the sequential
condition (r(34)=−.331, p=.048). No other correlations were signif-
icant. This suggests that the relationship between RT slope and w is not
very strong, whichmight be explained by the fact that one is a measure
of RT while the other is a measure of accuracy.

image of Fig.�6
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5. Discussion

The numerical ratio effect is a common and highly replicable psy-
chophysical product of comparing relative numerosities. These effects
are widely interpreted as metrics of a mental representation of num-
bers organized along a ‘mental number line’. An alternative index to
the NRE is the Weber fraction (w), an estimate of the noise associated
this representation, rather than a behavioral response profile. The
precision of this representation is thought to reflect the acuity of
the approximate number sense (ANS), a foundational cognitive ca-
pacity suggested to play an important role in the development of nu-
merical and arithmetic skills. However, evidence linking the acuity of
the ANS to performance on standardized measures of arithmetic abil-
ity is inconsistent across studies (Halberda et al., 2008; Holloway &
Ansari, 2009; Inglis, Attridge, Batchelor, & Gilmore, 2011). The pre-
sent study sought to shed light on the sources of this inconsistency
by comparing the size of the NRE and Ws elicited by three variants
of the nonsymbolic number comparison task, and contrasting their
internal reliability, convergent validity and relationship to standard-
ized measures of arithmetic fluency.

The results of this study revealed that while all non-symbolic
number comparison conditions showed a significant NRE, the paired
presentation condition elicited the strongest NRE for both reaction
time and accuracy. The intermixed condition yielded the weakest
reaction time NRE while the sequential condition yielded the weakest
accuracy NRE. These results suggest that different variants of the non-
symbolic number comparison paradigm are liable to produce signifi-
cantly different strengths of the NRE. We speculate that the difference
in the strengths of the NRE between conditions is driven by the influ-
ence of extraneous domain general cognitive demands. In other
words, we do not suggest that the three variants differ in the extent to
which they index the ANS, but rather that the clarity of that index is
influenced by additional cognitive processing demands such asworking
memory in the sequential condition, and visual resolution of overlap-
ping comparators in the intermixed condition. Logically, the paired pre-
sentation condition requires the least extraneous cognitive processing
because the two displays are spatially separate, and so no visual seg-
mentation is required. Furthermore, the simultaneous presentation ne-
gates any working memory demands. In keeping with this, we see the
strongest NRE elicited in that variant. However, it should also be
noted that whether a paradigm that produces a stronger NRE is in
some way a better measure of the underlying ANS is difficult to say. It
could be argued at least, that by eliciting the strongestmeanNRE across
the sample, the paired presentation variant may be the most robust
method by which to extract significant NREs from all subjects.

When contrasting the size of the average W between conditions,
as opposed to the size of the NRE, significant differences between
conditions were also found. In this case, however, the intermixed pre-
sentation condition elicited the highest mean w, followed by the
paired and sequential conditions, whose mean w did not differ from
one another. The fact that theW varies between conditions is of inter-
est because, as with the NRE, it suggests that this metric cannot be
taken as an isomorphic representation of the ANS, independent of
task features. Also of interest is that the condition that produced the
highest NRE slope (paired) was not the same condition that produced
the highest mean w (intermixed). This is most likely due to the fact
that the w is influenced by overall error rate, which was highest in
the intermixed condition, whereas the NRE slopes are dependent
more on relative changes in accuracy or reaction time. It is important
to note, given the variation in the NRE and w between conditions, the
absolute values of these ANS metrics are likely to offer limited infor-
mation regarding the nature of the underlying representation they
are thought to reflect. While group differences in such measures
and relationships to standardized achievement measures may be in-
formative, as isolated values their absolute magnitude is of limited
utility.
When testing the reliability of the NRE for each condition, it was
observed that all conditions showed significant internal reliability
for the reaction time NRE. As discussed above, each of the three vari-
ants tested in the current study introduce different degrees and types
of domain general cognitive demands, which may affect the strength
of the NRE or w elicited by each variant. However, the results of the
internal reliability analyses suggest that these extraneous factors do
not appear to negatively affect the reliability of the reaction time
NRE. When using w's as opposed to NRE slopes, the results of the re-
liability analysis mirrored those for the reaction time NRE, in that all
conditions demonstrated significant reliability. These results suggest
that, disregarding the accuracy NRE, neither the presentation format
nor the calculated metric of the ANS undermine the reliability of the
obtained effects, and support the results of Maloney et al. (2010),
Sasanguie et al. (2010) and Gilmore et al. (2011) who all reported sig-
nificant reliability for a range of nonsymbolic comparison tasks.

With regards to convergent validity, only the paired and inter-
mixed conditions revealed a significant correlation between reaction
time NREs. The intermixed and sequential conditions revealed mar-
ginally significant validity (p=.055), while the paired and sequential
conditions showed a nonsignificant trend toward validity (p=.09).
Similarly, when correlating Ws, all conditions showed significant va-
lidity with each other. The consistent convergent validity between
number comparison paradigms in the present study supports the re-
sults of Maloney et al. (2010) and Sasanguie et al. (2010), who ob-
served significant validity between two nonsymbolic comparison
paradigm variants and nosymbolic comparison and same/different
judgements respectively. Gilmore et al. (2011), on the other hand,
did not observe such consistent validity between nonsymbolic ANS
measures, and therefore suggest that the absence of convergent valid-
ity may be an indication that different cognitive systems are being
employed to solve different comparison tasks, as opposed to drawing
on a single abstract ANS. However, in the present study, consistent
validity was observed for both the reaction time NRE and Ws, and,
therefore, we suggest that despite the variations in additional cogni-
tive processing imposed by the different presentation conditions, at
some level, each variant must be measuring the same core cognitive
process.

On the basis of these results then, we suggest that the linear slope
of response reaction time is a generally reliable and valid measure
across paradigm variants, and thus can be assumed to reflect the acu-
ity of the ANS at some level, regardless of task variations. The w also
provides a reliable and valid measure of ANS acuity. Reaction time
NREs and w's did not correlate with another, except in the case of
the sequential task variant, suggesting that the relationship between
RT slope and w is not very strong, possibly because one is a measure
of RT while the other is a measure of accuracy. This also suggests that
if a paradigm is intended to elucidate differences in response accura-
cy, then w is the preferable dependent variable, while in paradigms
with longer exposure time, which might be expected to reveal vari-
ability in RT, then RT slope is the preferable dependent variable.

These results suggest that when investigating the effect of ratio on
reaction time, the linear slope is a reasonable measure to use, while
the W provides a reasonable measure when investigating the effects
of ratio on response accuracy. However, as noted above, the differences
between paradigm variants in the magnitudes of these measures sug-
gests that first, additional cognitive processes are being imposed by
the task structure, and second, that the absolute values of the NRE or
w in of themselves offer limited information as to the nature or charac-
teristics of the mental representation of numerical magnitudes. In fact,
the consistent reliability and validity across presentation variations
also do not provide information regarding the characteristics of any un-
derlying ANS representation, nor do they necessarily suggest that these
tasks are all measuring the ANSwith reasonable equivalence. It could be
the case that what the data reflect are, instead, consistencies associated
with domain general comparison and response selection processes that
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cannot be disentangled from the underlying representation in the con-
text of tasks requiring a comparative behavioral response.

Given that reliability and validity was consistent across paradigm
variants and ANS metrics, the inconsistent results linking ANS acuity
to arithmetic performance remain puzzling. With this consideration
in mind, we investigated the extent to which the NREs and Ws eli-
cited by each of the three variants employed in the present study cor-
related with individual scores on a standardized test of arithmetic
fluency. None of the three variants' NREs or w's correlated with
math fluency, suggesting that the relationship between these mea-
sures of the ANS and arithmetic skill is far from clear. These results
support those reported by Holloway and Ansari (2009), who showed
no relationship between the nonsymbolic NDE and math fluency, and
those of Inglis et al. (2011), who showed no association between the
w and arithmetic performance in adults (although that study did re-
veal such an association in children). On the other hand, the present
results contradict those of Halberda et al. (2008) who reported a sig-
nificant correlation between ANS acuity and arithmetic achievement
using a nonsymbolic number comparison task of the intermixed var-
iant used in the present study, as well as those of Libertus et al.
(2011) and Mazzocco et al. (2011a, 2011b) who each reported an as-
sociation between measures of ANS acuity collected from preschool
children and their later arithmetic performance.

Several possible explanations may account for this apparent dis-
crepancy. First, Halberda et al. (2008) and Libertus et al. (2011) tested
larger samples of participants than the present study, which may
have resulted in a greater range of individual differences, subsequent-
ly revealing more fine grained relationships between ANS acuity and
arithmetic skill. However, Holloway and Ansari (2009) tested 87 par-
ticipants (more than twice the number of subjects in the present
study) and, as in the present study, found no relationship between
the NRE using a paired variant of the nonsymbolic comparison task
and standardized arithmetic achievement scores, and so, sample
size alone cannot explain the absence of correlation in the present
study. Second, the discrepancy between the results of Halberda et
al. and those of Holloway and Ansari and the present study might
be attributed to the specific standardized arithmetic test used.
While the present study correlated the NRE with standard scores on
theWoodcock Johnson Math Fluency subtest, Halberda et al. correlat-
ed their ANS acuity measure with standardized scores on the Wood-
cock Johnson Calculation (WJC) subtest as well as the ‘test of early
mathematical ability, second edition’ (TEMA-2), while Libertus et al.
(2011) and Mazzocco et al. (2011a, 2011b) used the TEMA-3 test. It
is possible that the more composite measures, which include a
wider variety of items than the WCJ Fluency subtest alone, may
have captured a wider variation of performance than was captured
in the present study. However, Holloway and Ansari (2009) correlat-
ed their measure of ANS acuity (i.e. the numerical distance effect)
with both the fluency and calculation subtests of the Woodcock John-
son Math Test, as well as a composite measure of the two and, in all
cases, the nonsymbolic NRE did not correlate with standard
scores. Furthermore, Inglis et al. (2011) correlated Ws with the WJC
Calculation subtest, and found a correlation in children but not adults.
These findings suggest that the absence of a correlation in the present
study cannot be attributed to the type of standardized math test
alone.

A third possible explanation of the discrepancies between the re-
sults of the present study and those of Halberda et al. (2008) is the
nature of the ANS acuity metric. Holloway and Ansari (2009) used
the numerical distance effect (NDE), while Halberda et al. (2008) cal-
culated ‘Ws’ for each participant. While the NRE reflects the propor-
tional performance change as a function of numerical ratio or
distance, the w is a value that estimates the degree of imprecision
around the response to a given numerosity comparison (and thus, a
lower w reflects greater ANS acuity). However, in the present study
we correlated both the NRE and Ws with math fluency standard
scores and found no relationship for either, suggesting that the ANS
metric used cannot account for the inconsistent findings across
studies.

The potential sources of discrepancy discussed above all relate to
experimental variables, and do not seem to adequately account for
the inconsistent results across studies. It is also possible, however,
that the variation in results stems from developmental differences
in the ANS. Halberda et al. (2008) used the W calculated at age 14
and correlated that retrospectively with standardized math scores
collected from ages 5 to 11. Libertus et al. (2011) and Mazzocco et
al. (2011a, 2011b) correlated ANS measures collected in preschool
with later arithmetic performance. The current study calculated the
NRE in participants with an average age of 21.58 years, and correlated
that with math fluency scores collected in the same testing session.
Inglis et al. (2011) have recently demonstrated that the W correlates
with standardized calculation scores in a sample of children aged 7–9,
but not in a sample of adults aged 18–48. This pattern of results may
explain the discrepancies between the present results and those of
Halberda et al. (2008). It is possible that the role of the ANS in the de-
velopment of arithmetic competency is foundational rather than con-
tinuous, and thus, the relationship between the two measures might
be strong early in the development process, but begins to decline as
formal arithmetic abilities become increasingly independent, relying
more on enculturated symbolic processing mechanisms (Ansari,
2008). However, this explanation does not account for the
differences between the results of Halberda et al. (2008) and
Holloway and Ansari (2009). Holloway and Ansari calculated the
NDE in children aged 6, 7, and 8, and correlated that with standard-
ized arithmetic scores collected in the same testing session. Thus,
while the relationship between ANS acuity and arithmetic ability
may change over the course of the development, that change cannot
be the only explanation for the inconsistencies in the findings dis-
cussed above.

It is also possible that the relationship between the ANS and for-
mal arithmetic varies with arithmetic achievement level as opposed
to chronological age. While the present study, and the previous stud-
ies reviewed above reveal inconsistent results with regard to partici-
pants in the normal range of arithmetic ability, several studies have
revealed deficits in nonsymbolic numerical magnitude processing in
children with developmental dyscalculia (DD), a specific arithmetic
learning disorder (Landerl, Fussenegger, Moll, & Willburger, 2009;
Mussolin et al., 2010; Piazza et al., 2010; Price et al., 2007). Further-
more, recent evidence suggests that it is only the more severe cases
of arithmetic learning disorders, and not mildly below average diffi-
culties, in which measures of the ANS are found to be atypical
(Mazzocco et al., 2011a). Thus, the relationship between ANS acuity
and formal arithmetic may be strongest in the lowest performing in-
dividuals, however, this relationship and its causes require further
empirical investigation in order to be elucidated. Furthermore, it
should be noted that the current sample was selected from a fairly
narrow demographic (undergraduate students). It is possible that a
relationship between the ANS metrics and math fluency would be
revealed in a larger and more diverse sample, and is something that
future research should address.

In summary, the results of the present study reveal differences in
the strength of the NRE and W elicited by three variants of the non-
symbolic number comparison paradigm. However, the variant elicit-
ing the strongest effect varied depending on whether we consider
the NRE of theW, suggesting that the absolute magnitude of these ef-
fects is variable between conditions and the nature of the metric, and
is, therefore, of limited informative value. We observed consistent re-
liability and validity across and between paradigm variants, suggest-
ing that the different paradigms tested reliably measure similar, if
not the same, cognitive construct, but whether that construct is the
acuity of the ANS or simply general comparison and response pro-
cesses is open to debate. The accuracy NRE was not reliable or valid
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in any variant, and thus, does not appear to be an appropriate metric
of ANS acuity. Although the reaction time NRE was generally reliable
and valid, the correlations within and between conditions observed
for the Ws were stronger, and thus, it appears as though the W is
the optimal metric for measuring ANS acuity. Finally, we observed
no relationship between the NRE or the W and standard scores of
math fluency for any of the three variants. This suggests that further
investigation is required to elucidate the relationship between the
ANS and arithmetic skill, and, in particular, under what circum-
stances, at what age and with what populations such relationships
are obtained. However, as the present data reveal, such future inves-
tigations may proceed with faith in the measures which they use to
index the ANS. Both the numerical ratio effect and the W are reliable
and valid outcome measures of non-symbolic numerical magnitude
comparison regardless of variations in the comparison task structure,
and thus, it appears that they do measure a shared core cognitive
mechanism, independent of those cognitive processes that vary be-
tween task variants.
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